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Abstract

The aim of this study is to solve some linear and nonlinear partial differential equations using the new integral transform
"Iman transform" and projected differential transform method. The nonlinear terms can be handled by using of projected
differential transform method; this method is more efficient and easy to handle such partial differential equations in
comparison to other methods. The results show the efficiency and validation of this method.

Keywords: Iman transform, projected differential transform method, nonlinear partial differential equations.

1. Introduction

Many problems of physical interest are described by linear and nonlinear partial differential equations with initial or
boundary conditions, these problems are fundamental importance in science and technology especially in engineering.
Some valuable contributions have already been made to showing differential equations such as Laplace transform method
[Islam, Yasir Khan, Naeem Faraz and Francis Austin (2010), Lokenath Debnath and Bhatta (2006)], Sumudu transform
[A Kilicman and H.E.Gadain (2009), (2010)], differential transform method etc. Iman transform method is very effective
tool for solve linear partial

differential equations .In this study we use the projected differential

transform method [Nuran Guzel and Muhammet Nurulay (2008), Shin- Hsiang Chang , Ling Chang (2008)] to
decompose the nonlinear terms, this means that we can use both Iman transform and projected differential transform
methods to solve many nonlinear partial differential equations.

1.1.  Iman Transform:
1.2. The basic definitions of modified of Sumudu transform or Iman transform is defined as follows, Iman transform
of the function f'(¢) is
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1[f(t)] :iz . f®e " dt =L (v), 20

In this paper, we combined Iman transform and projected differential transform methods to solve linear and nonlinear
partial differential equations.
To obtain Iman transform of partial derivative we use integration by parts, and then we have:

d d
[ PO < o1,y o 0 [LO) = e v)
azf(x,t) 1 df(x,0) azf(x,t) d?
I[ 32 ] v*L(x,v) — f(x,0) — i I 32 =0 [L(x,v)]

Proof:
To obtain Iman transform of partial derivatives we use integration by parts as follows:

l[af(x' t)] = foo 19f e~ t’dt = lim = —etv’ afd = llm {[ ! e~ f(x, t) —foof(X, t)e_“’zdt}
0 v? 0

ot w2 ot © poo ) v2 at

=v?%L(x,v) — ﬁf(x, 0)

We assume that fis piecewise continuous and it is of exponential order.
Now

N AP TV (CO P f°° 1
ax] fo vz ® ox dt_ax o v2° oty de

using the Leibnitz rule to find:

-

By the same method we find

[axz —— [L(x,v)]
To find
I 0%f(x,t)
[ ot?
Let ‘;{ =g ,Then we have
0%f(x,t) ag(x,t)
'[T]= {[F5e7] = a0 - 5060
9%f (x, 1 9f(x,0
I[—];(; 2 =v*L(x,v) - f(x,0) —— fgxt )
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We can easily extend this result to the nth partial derivative by using mathematical induction.
1.2. Projected Differential Transform Methods:
In this section we introduce the projected differential transform method which is modified of the differential transform
method.
Definition:
The basic definition of projected differential transform method of function f (x4 , x5, ....., X, )isdefined as
k
[, X e, Xnoq, k) = % 2/ 'le’c'" ) (1)
' 0x
n Xp=0
Such that f(x;,%5,.....,%,) is the original function and f(xy,x5, .....,Xp_1, k)
is projectedtransform function.

And the differential inverse transform of f(x; , x5, ....., X,_1, k) is defined as

fOrr Xz, s Xn) = Zideo f (o1, Xz, e, X0 ) (X = 29)" (2)

The fundamental theorems of the projected differential transform are

Theorems:
DIf z(xq, %2, vy Xp) = U(Xg,Xg, e, X)) T V(X1 , X0, cne e, X))
Then
Z(X1 , X2, vy Xp—1, k) = ulxy , X2, veei iy X1, k) £ (X1, X2, oo, Xp—1, K)
) If z(x1,%x2, eeryx) = culxy, Xz, e, Xp)
Then
Z(X1 , X2, vy Xp_1, k) = cu(xy , X3, oo, X1, k)
du(xy , X9, veery Xp)

B If z(x1, %2, vy Xp) =
Then

dx,

z(xq , X0, e Xp_, k) = (K + D ulxy , %9, e, X1,k + 1)

d™u(xy , Xg, e, Xp)
W) If z(x1,%3, ey Xp) = T, z
Then
(k +n)!
Z(X1 , X2, ceneey Xp_1, k) = Tu(x1 X9y ey Xp—1, kK + 1)
OIS z(xq , %2, ey X)) = U(Xg, Xg, eeeee, X)) V(X1 , X2y e ey Xp)
Then
k
Z(X1 , X9, v, Xp_1, k) = z w(xy , X9, e, X1, M) V(X1 , X, weneny Xp_q, k — M)
m=0
6)If z(x1 ,Xg, cennny Xp) = U (X1, X0, e, X ) U (X1, Xy ey X)) e U (Xq 5 Xy ooy X))
Then
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kn—1 ks Kk

k
Z(xl ) X2, .....,xn) = Z z Z Z ul(xl 1 X2y ey, Xn—1, kl)uz(xl )Xy e, Xn—1 ,kz_kl)

kn_]_:O kn_2=0 k2:0 k1:0

X...... Up_1(X1 X, e Xneq s K1 =K U (X1, X0y eeee oy Xq  K—kp—1)
(DIf z(x1, %9, ey X)) = xN12,%2 L x, I
Then
1 q,=k
Z(X1 , Xy ey X1, k) = 8(X1 , X0y vy X1, Gy — k) = {O Zn 4k

Note that ¢ is a constant and 7 is a nonnegative integer.
Table of Functions and their Iman Transform

f® If(®©] = F(v)

t"neN n!
v2n+4

v2(v2 — a)
sin(at) a

v2 (vt + a?)
cos(at) 1
Ry

2. Applications:

Consider a general nonlinear non-homogenous partial differential equation with initial conditions of the
form:

Du(x,t) + Ru(x,t) + Nu(x,t) = g(x, t) 3

u(x,0) = h(x),ue(x,0) = f(x)

Where D is linear differential operator of order two, R is linear differential operator of less

order thanD , N is the general nonlinear differential operator and g (x ,¢) is the source term.

Taking Iman transform on both sides of equation (3), to get:

I[Du (x ¢ )]OO[Ru (x ,¢ )]OOI[Nu (x ,¢ )] O01[g (x ,t)] (4)

Using the differentiation property of Iman transforms and above initial conditions, we have:

I (x )] Dol [ (6 )] 0=sh(x ) D f () Dl[Ru (x 1t ) D0Nu (x 2] (5)

Appling the inverse Iman transform on both sides of equation (5), to find:
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v (4 ) U0Gx ) DOt CDRe (x40 ) UDNu (@
)0OO0000000000000000000000000000000000000000(6)

Where G(x ,t ) represents the term arising from the source term and the prescribed initial conditions.
Now, we apply the projected differential transform method.

w (et 1) 000D 0] DAy + By 0000 0u(x, 0) = G (x, £)(7)

WhereA,, ,B,, are the projected differential transform of Ru (x ,¢) , Nu (x ,t) .
From equation (7), we have

- 1
u(x,0) = G(x,t) ,ulx,1)=00001 1Dv—4[ Ao + Bl 111[]

u(x,2) =000 02l DA+ Bi0OD ux,3) =00 00T =l A, + By 000

Then the solution of equation (3) is

u(x,t) Du(x,0) Du(x,1) Du(x,2) D.......

To illustrate the capability and simplicity of the method, some examples for different linear and nonlinear
partial differential equations will be discussed.

Example 2.1:

Consider the simple first order partial differential equation

dy 0y s
$_26t+y ,y(x,0) = 6e (8)

Taking Iman transform of (8), leads to

-3x 1
Iy(x,0)] = 4 +m1[‘4m — Byl
Take the inverse Iman transform to find
1
yx,m+1) =171 {ﬁl[flm - Bm]},y(x, 0) = 6e73% (9
Where
Ap = Qycom) , B = y(x, m)

0x
are the projected differential transform ot‘% ,v(x,t)

The standard Iman transform defines the solution y (x ,¢ ) by the series
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y(x,t) =Xm=oy(x,m)

From equation (9) we find that: y (x ,0) [[J6e 3%
_ —3x
Ao =—18e7%,  Boll6e ¥ Ily(x,1) = 7 {ZE2—}=—12te=%

—3x
Ay =36te™3,  B11-12e73%,y(x,2) = I {Zo—|=12t27%

y(x,3) == —8t3e™3*
The solution in a series form is given by
y(x,t) =6e73% —12te 3% 4+ 12t2e73% 4 ... = 6e 32t = g~ (3x+2D)
Example 2.2:
Consider the following linear second order partial differential equation
Upy + U = 0,u(x,0) = 0,u(x,0) = cosx (10)

To find the solution we take Iman transform of equation (10) and making use of the conditions to find,

cosx 1 d%u(x,m)
e 0] = 55 A4, = T2

0x?
Take the inverse Iman transform we get:
1
u(x,m+1)= —[t {FI[Am]},u(x, 0) =0,u(x,1) = tcosx (11)
By using equation (11), we find that:
3

Ay =—tcosx, ,u(x,2)= 171 {% I[t cos x]}z%cosx
A —ﬂ 3 —1—1{i]£ }—i

1 = 5 COSX, ,u(x,3) = " [3! cosx] =g COsX

t3 t°
Then the solutionis u(x,t) = cosx [t + 30 + o + ] = cosx sinht

3. Conclusion
The solution of linear and nonlinear partial differential equations can be obtained using Iman transform and projected
differential transform method without any discretization of the variables. The results for all examples can be obtained in
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series form, and all calculations in the method are very easy. This technique is
useful to solve linear and nonlinear partial differential equations.

ACKNOWLEDGMENT:
The Researchers would like to thank the Deanship of Graduate studies and Scientific Research at Qassim University for
financial support(QU-APC-2024).

References:

[1] L. A. Almardy, S. Y. Eltayeb , S. H. Mohamed , M. A. Alkerr , A. K. Osman, H. A. Albushra, A Comparative Study
of Iman and Laplace Transforms to Solve Ordinary Differential Equations of First and Second Order, ISSN 1, Volume
3, (2023), pp323-328. International Journal of Advanced Research in Science, Communication and Technology
(IJARSCT).

[2] Applications of Double Aboodh Transform to Boundary

Value Problem 1. A. Almardy, R. A. Farah,H. Saadouli , K. S. Aboodh 1, A. K. Osman (2023) (IJARSCT) Volume 3,
Issue 1.

[3] K.S.Aboodh, I.A.Almardy , R.A.Farah,M.Y.Ahmed and R.I.Nuruddeen, On the Application of Aboodh Transform
to System of Partial Differential

Equations, BEST, [JHAMS Journal, ISSN(P): 2348-0521; ISSN(E): 2454-4728

Volume 10, Issue 2, Dec 2022.UIFUYFYHVHVNOOJIOHIUHG

[4]K.S.Aboodh, R.A.Farah, [.A.Almardy and F.A.Almostafa, Solution of partial Integro-Differential Equations by using
Aboodh and Double Aboodh Transform Methods, Global Journal of pure and Applied Mathematics, ISSN 0973-1768
Volume 13, Number 8 (2017), pp.4347-4360

[5] K.S.Aboodh,M.Y.Ahmed, R.A Farah, . A.Almardy and M.Belkhamsa, New Transform Iterative Method for Solving
some Klein-Gordon Equations, (IJARSCT) IIUI, ISSN 1 Volume 2, (2022), pp.118-126. SCOPe Database Article Link:
https://sdbindex.com/documents/00000310/00001-85016.pdf

[6] I. A. Almardy, S. Y. Eltayeb , S. H. Mohamed , M. A. Alkerr , A. K. Osman, H. A. Albushra, A Comparative Study
of Iman and Laplace Transforms to Solve Ordinary Differential Equations of First and Second Order, ISSN 1, Volume
3, (2023), pp323-328. International Journal of Advanced Research in Science, Communication andTechnology
(IJARSCT).

[7] On the Iman Transform and Systems of Ordinary Differential Equations I. A. Almardy ,R. A. Farah, M. A. Elkeer,
Volume 3, Issue 1, February 2023, International Journal of Advanced Research in Science, Communication and
Technology (IJARSCT), ISSN (Online) 2581-9429, Copyright to IJARSCT DOI: 10.48175/568 580

Www.ijarsct.co.in.

[8] the new integral Transform ” Iman Transform” Iman Ahmed Almardy Volume 3, Issue 1, 2023, International Journal
of Advanced Research in Science, Communication and Technology (IJARSCT), ISSN (Online) 2581-9429, Copyright
to IJARSCT DOI: 10.48175/568 580

www.ijarsct.co.in.

[9]Iman Adomian decomposition method applied to Logistic

differential model Volume 10, Issue 3, 2023, Journal of Survey in Fisheries Sciences ,I. A. Almardy, Nagat A.A.siddig,
Samah A.H.Fodol *H.A.Albushra and A. K. Osman

[10] Applications of Double Aboodh Transform to Boundary

Value Problem Volume 10, Issue 3, 2023, Journal of Survey in Fisheries Sciences ,I. A. Almardy,M.Belkhamsa,M. A.
Elkheer,H,A_Albushmand A. K. Osman.

1493



Frontiers in Health Informatics www.healthinformaticsjournal.com
ISSN-Online: 2676-7104

2024; Vol 13: Issue 7 Open Access

[11]Novel Approach for Nonlinear Time-Fractional Sharma-Tasso-Olever Equation using Iman transform
ISSN19650256 WWW.journal-innovations.com 2024 (1161-1173)Nagat A.A.siddig, Samah A.H.Fodol,E.O.Alrashidji,
T.0O.Alrashidi, G.O.Alrashidi, Hessah O.Alrashidi and M.A.Reshedi.

1494



